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In this paper we study the interaction between the two two-level atoms and the
lth-photon quantized single mode radiation field when the field and atoms are ini-
tially prepared in the coherent state and excited atomic states, respectively. For
this system we investigate the entropy squeezing, atomic variances and atomic inver-
sions for the single-atom case. We show that the nonclassical effects obtained form
the asymmetric atoms are greater than those obtained form the symmetric atoms.
Moreover, there is no clear relationship between the revival-collapse phenomenon in
the atomic inversions and the occurrence of the nonclassical effects in the entropy
squeezing.
PACS numbers: 42-50.Dv two qubits, Jaynes-Cummings model, atomic inversion, entropy
squeezing, atomic squeezing
I. INTRODUCTION
Squeezed state of light is distinguished by long-axis variance of noise ellipse for one of its
quadratures in phase space. This property has been used in many optical devices as well
as in the quantum information, e.g. a power recycled interferometer [1], a phase-modulated
signal recycled interferometer [2], quantum teleportation [3], cryptography [4, 5] and dense
coding [6]. It is worth pointing out that experiments on the quantum teleportation have
been successfully performed by means of the two-mode squeezed vacuum states [7]. A variety
of methods have been proposed for the generation of squeezed states of the electromagnetic
field and several of them have been experimentally realized, e.g., [8, 9].
The concept of squeezed states has been extended to atoms [10] and defined in a sense
similar to that of the radiation field. In this regard, atomic squeezing has obtained a great
interest [11] owing to its potential application in the high-resolution spectroscopy [12], the
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2high-precision atomic fountain clock [13], the high-precision spin polarization measurements
[14], etc.. For the collective atoms the concept of the spin squeezing has been used [14],
which is defined as quantum correlated states with reduced fluctuations in one of the col-
lective fluctuations of the collective spin components. The spin squeezing has been used
as a measure of entanglement for multi-atom systems [15]. Furthermore, it has been ex-
perimentally observed for an ensemble of V -type atoms [16]. In all these cases the atomic
squeezing has been investigated in the framework of the Heisenberg uncertainty relations
(HUR). Nevertheless, the HUR cannot give sufficient information on the atomic squeezing,
in particular, when the atomic inversion is zero [17]. This difficulty has been overcome by
using the entropic uncertainty relation (EUR) [18]. In this regard one has to use the concept
of atomic entropy squeezing. More details about this issue will be given in section 2. The
entropy squeezing technique has been applied to the single two-level atom interacting with
single or two quantized modes, i.e. Jaynes-Cummings model JCM [17, 19]. In this paper we
make a comparative study to the entropy squeezing and atomic variances for two two-level
atoms interacting with the lth-photon single-mode electromagnetic field (TJCM) when the
field and atoms are in the coherent state and excited atomic states, respectively. The atten-
tion will be restricted to the single atom entropy squeezing since there are difficulties to treat
the compound case, as we argue in section 2. We treat two cases, namely, symmetric (two
identical atoms) and asymmetric (two non-identical atoms) cases. Such type of investigation
is motivated by the importance of the TJCM in the literatures, e.g. [20, 21, 22, 23, 24, 25].
The atomic inversion of the TJCM has taken much interest [20, 24, 25] since it exhibits
different shapes of the revival-collapse phenomenon (RCP). Recently, the importance of the
TJCM is increased as a result of the progress in the quantum information [26, 27]. In this
regard, the entanglement for the TJCM with the initial coherent state [22], binomial state
[23] and superposition displaced Fock state [25] has been investigated. Throughout the in-
vestigation of this paper we obtain many of interesting results. For instance, the entropy
squeezing cannot exhibit nonclassical effects for l > 2. The nonclassical effects obtained
for the asymmetric case are greater than those obtained for the symmetric one. Moreover,
in terms of the entropy squeezing the amounts of the nonclassical effects obtained for the
JCM are greater than those obtained for the symmetric case of the TJCM even though the
behaviors of their atomic inversions are typical.
The paper is prepared in the following order. In section 2 we give the basic equations and
relations for the system under consideration. In section 3 we investigate the entropy squeez-
ing, the atomic variance and the atomic inversions. The main conclusions are summarized
in section 4.
II. BASIC EQUATIONS AND RELATIONS
In this section we give the definition of the atomic squeezing in terms of the entropic
information and atomic variances. We develop the Hamiltonian and the wavefunction for a
two two-level atoms interacting with the multi-photon quantized electromagnetic field. Also
for this system we deduce the expressions of the entropy squeezing.







mine the real, imaginary parts of the complex dipole moment and the energy of the atom,






= 2iσˆ(j)z . (1)
3The Heisenberg uncertainty relation (HUR) associated with (1) is
〈(△σˆ(j)x
)2〉〈(△σˆ(j)y
)2〉 ≥ |〈σˆ(j)z 〉|2. (2)
From (2) the atomic system has reduced fluctuations ( i.e. squeezing) in the σˆ
(j)










〉 − |〈σˆ(j)z 〉| < 0, k = x, y. (3)
The inequality (2) is state dependent and it is trivially satisfied for any atomic states having
〈σˆ(j)z 〉 = 0 [17]. In this case (3) fails to provide any useful information on the atomic system.
This difficulty has been overcome using entopic uncertainty relation (EUR) [28, 29]. An
optimal EUR for a set of N + 1 complementary observable with different eigenvectors in an




















k ) is the information entropy of the variable σˆ
(j)
k . The H(σˆ
(j)
k ) can be described
as follows: For an arbitrary atomic system described by the density matrix ρˆ, the probability





k ) = 〈ψkj′|ρˆ|ψkj′〉, j′ = 1, 2, ..., N, (5)












For the single atom JCM we have N = 2 and then 0 ≤ H(σˆ(j)k ) ≤ ln2, where k = x, y, z. In
this case the inequality (4) takes the form:
H(σˆ(j)x ) +H(σˆ
(j)
x ) ≥ ln4−H(σˆ(j)z ). (7)
From (7) the components σˆ
(j)
k (k ≡ x, y) are said to be squeezed with respect to the infor-










< 0, k = x, y, (8)
where δH(σˆ
(j)
k ) = exp[H(σˆ
(j)
k )]. It is worth mentioning that δH(σˆ
(j)
k ) = 1 (δH(σˆ
(j)
k ) = 2)
corresponds to the atom being in a pure (mixed) state. Furthermore, the optimal nonclassical
entropy squeezing E
(j)
k ≃ −0.4140, which is related to the eigenstate |φ+〉 = (|+〉+ |−〉)/
√
2
[17]. We should stress that we study only entropy squeezing for the single two-level atom
since EUR (4) is not relevant for the N two-level system. This is related that there are








y in the atomic ensemble
[17].
4The Hamiltonian describing the two two-level atoms interacting with the multi-photon
quantized single-mode electromagnetic field, namely, two atoms Jaynes-Cummings model
(TJCM), in the rotating wave approximation takes the form, e.g., [20, 21, 22, 23, 24, 25]:
Hˆ
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Pauli spin operators of the jth atom; aˆ (aˆ†) is the annihilation (creation) operator denoting
the cavity mode, ω and ωa are the frequencies of the cavity mode and the atomic systems,
λj is the atom-field coupling constant of the jth atom and l is the transition parameter.
Throughout the investigation we deal with the ratio g = λ2/λ1, where when g = 1 (g 6= 1)
it is called symmetric (asymmetric) case. Additionally, we assume that ωa = lω (i.e. the
exact resonance) and the two atoms and the field are initially in the excited atomic states
|+,+〉 and coherent state, respectively. Under these initial conditions the dynamical state




Cn [X1(T, n)|+,+, n〉+ iX2(T, n)|+,−, n+ l〉
+iX3(T, n)|−,+, n+ l〉+X4(T, n)|−,−, n + 2l〉] ,
(10)





) with real amplitude α and |−〉 denotes
ground atomic state. The explicit forms for the dynamical coefficients Xj(T, n) are given,
e.g., in [24]. Nevertheless, we mention only here that all the coefficients Xj(T, n) are real.
Now we are in a position to calculate the single atom entropy squeezing and atomic
variances for the first atom. In doing so we assume that A1, A2 and f denote the first atom,
second atom and the radiation field, respectively. The density matrix of the whole system
is ρˆA1A2f(T ) = |Ψ(T )〉〈Ψ(T )|, where |Ψ(T )〉 is given by (10). As we treat the evolution of
the single atom we trace out the remaining part of the density matrix. For instance, the
density matrix of the first atom can be obtained as:




[Q1(n, n)|+〉〈+|+Q2(n, n)|−〉〈−|+Q3(n, n)|+〉〈−|+Q4(n, n)|−〉〈+|] ,
(11)
where
Q1(n,m) = Cn,mX1(T, n)X1(T,m) + Cn−l,m−lX2(T, n− l)X2(T,m− l),
Q2(n,m) = Cn,mX3(T, n)X3(T,m) + Cn−l,m−lX4(T, n− l)X4(T,m− l),
Q3(n,m) = −iCn,mX1(T, n)X3(T,m) + iCn−l,m−lX2(T, n− l)X4(T,m− l),
Q4(n,m) = iCn,mX1(T, n)X3(T,m)− iCn−l,m−lX2(T, n− l)X4(T,m− l),
(12)
5FIG. 1: Evolution of the atomic inversions, entropies squeezing and atomic squeezing as indicated
for (α, g, l) = (5, 0.5, 1). In (a) 〈σˆ(1)z (T )〉 (curve A) and 〈σˆ(2)z (T )〉+ 2 (curve B). The straight lines
in (b)–(d) are given to show the nonclassical effects bounds.
where Cn,m = CnCm. By means of (11) one can deduce the followings:




〈σ(1)x (T )〉 = Re
∞∑
n=0
i [Cn,nX1(T, n)X3(T, n) + Cn−l,n−lX2(T, n− l)X4(T, n− l)] = 0,
〈σ(1)y (T )〉 =
∞∑
n=0


















x ) = −[12 + 〈σ(1)x (T )〉]ln[12 + 〈σ(1)x (T )〉]− [12 − 〈σ(1)x (T )〉]ln[12 − 〈σ(1)x (T )〉] = ln2,
H(σˆ
(1)
y ) = −[12 + 〈σ(1)y (T )〉]ln[12 + 〈σ(1)y (T )〉]− [12 − 〈σ(1)y (T )〉]ln[12 − 〈σ(1)y (T )〉],
H(σˆ
(1)
z ) = −〈+|ρˆA1|+〉ln[〈+|ρˆA1|+〉]− 〈−|ρˆA1 |−〉ln[〈−|ρˆA1 |−〉].
(14)
It is worth mentioning that the relations related to the second atoms can be obtained
from those of the first atom by using the interchange X2(T, n)↔ X3(n, T ). In the following
section we use the results obtained here to investigate the single atom entropy squeezing,
atomic variances and the atomic inversions for the system under consideration.
III. DISCUSSION OF THE RESULTS
In this section we investigate the single atom entropy squeezing and reduced atomic
fluctuations for the system under consideration. From (13) and (14) one can prove for the













≤ 1. This means that E(j)x cannot exhibit squeezing in the entropy. Similar
arguments show that F
(j)
x ≥ 0. Thus throughout the discussion we focus the attention on
the y-component of the entropy squeezing and atomic variances. Furthermore, for initial
weak intensity α ≤ 1 we found that E(j)y and F (j)y cannot exhibit nonclassical effects since
in this case the coherent state |α〉 tends to the vacuum state |0〉 and/or Fock state which
provides periodic behavior in these quantities, i.e. systematic interchange energy between
the different components in the system. Moreover, we have noted that the entropy squeezing
cannot exhibit nonclassical effects for l > 2. On the other hand, when the initial intensity is
strong the atomic inversion exhibits RCP, which can be connected by the occurrence of the
nonclassical effects in the system. For instance, the JCM generates Schro¨dinger cat states
at one-half of the revival time [30], however, the symmetric (asymmetric) TJCM generates
asymmetric (symmetric) cat states at the quarter of the revival time [25]. Additionally,
for the JCM the entropies squeezing exhibit nonclassical effects in the course of the collapse
regions of the corresponding atomic inversion, however, at this stage the atomic variances fail
to give any information [17]. Thus it is convenient to draw the attention to the evolution of
the atomic inversions for the TJCM, too. Additionally, when λ1 >> λ2 (or λ2 = 0) provided
that T = tλ1 the behavior of the TJCM will be very close to that of the JCM. Nevertheless,
for particular values of the λ1 and λ2, the inclusion of the second atom in the TJCM changes
drastically the behavior of the JCM, as we see below.
Now we start the investigation with the asymmetric case. For this case we plot the
atomic inversions, entropies squeezing and the atomic variance in Figs. 1 as indicated for
given values of the interaction parameters. In these figures we take λ1 = 2λ2, i.e. the
interaction between the field and the first atom is two times stronger than that with the
second atom. This is manifested in the evolution of the atomic inversions, where the collapse
regions (revival patterns) in the 〈σˆ(2)z (T )〉 are two times greater (smaller) than those in the
〈σˆ(1)z (T )〉 (see Fig. 1(a)). This shows that the rate of interchange energy between the
radiation field and the first atom is two times faster than that with the second atom. The
behaviors of the atomic inversions are roughly connected with the evolution of the entropies
squeezing and atomic variances (see Fig. 1(b)–(d)). For instance, E
(1)
y (T ) and E
(2)
y (T )
exhibit nonclassical effects immediately after switching on the interaction. At this stage the
atomic inversions provide their zeros revival patterns. As the interaction is going on the
nonclassicality disappears completely from the E
(1)
y (T ), however, the E
(2)
y (T ) provides its
maximum value approximately at one-half of the revival time in the 〈σˆ(2)z (T )〉. Comparison
between Fig. 1(b) and Fig. 1(c) shows that the amounts of the nonclassical effects exhibited
in the E
(2)
y (T ) are much greater than those in the E
(1)
y (T ). These amounts of the nonclassical
effects can be increased by increasing the value of the intensity α (see Fig. 2, which is given
for α = 15). Additionally, the behaviors of the E
(2)
y (T ) and the E
(1)
y (T ) in the Fig. 1(b) and
(c) can be reversed if one takes λ2 = 2λ1 and T = tλ2. On the other hand, we have noted
that F
(1)
y (T ) provides similar behavior as that of the F
(2)
y (T ). Thus we have plotted only
F
(2)
y in Fig. 1(d). From this figure we can see that F
(2)
y (T ) exhibits nonclassical effects only
after switching on the interaction. Comparison between Fig. 1(c) and Fig. 1(d) confirms the
fact that entropy squeezing gives better information on the atomic system than the atomic
variance. Finally, apart from the amounts of the nonclassical effects, the evolutions of the
E
(2)
y (T ) and the F
(2)
y (T ) have quite similar behaviors.
Now we draw the attention to the two-photon transition case, i.e. l = 2, which is
7FIG. 2: The evolution of the entropies squeezing E
(1)
y (T ) (solid curve) and E
(2)
y (T ) (dashed curve)
for (α, g, l) = (15, 0.5, 1). The straight line is given to show the nonclassical effects bound.
FIG. 3: The evolution of the atomic inversions, entropies squeezing and atomic squeezing as
indicated in the figures for (α, g, l) = (5, 0.5, 2). In (a) 〈σˆ(1)z (T )〉 (curve A) and 〈σˆ(2)z (T )〉+2 (curve
B). In (b) and (c) the solid and dashed curves are given for the first and second atom, respectively.
The straight lines in (b)–(c) are given to show the nonclassical effects bounds.
8FIG. 4: The evolution of the 〈σˆ(1)y (T )〉 (curve A) and 〈σˆ(2)y (T )〉+1 (curve B) for (α, g, l) = (5, 0.5, 2).
plotted in the Figs. 3 for given values of the interaction parameters. From Fig. 3(a) the
〈σˆ(1)z (T )〉 and 〈σˆ(2)z (T )〉 exhibit periodic, systematic, and compact RCP with periods pi and
2pi, respectively. Such type of behavior can be explained as that the Rabi frequencies for
high n became almost commensurate and that for an intense initial field with a narrow
distribution function this results in the periodic behavior. This behavior is in contrast to
the one-photon transition case l = 1 in which each atom absorbs only one photon at a time
(compare Fig. 1(a) and Fig. 3(a)). Also the influence of including the second atom in the
TJCM (compared to the JCM) is remarkable as subsidiary revivals in the evolution of the
〈σˆ(1)z (T )〉 (see the curve A in Fig. 3(a)) [21]. It is worth reminding that the subsidiary revivals
have been observed also for the two-mode single-photon JCM [31]. On the other hand, from
the solid curve in the Fig. 3(b) one can observe that the E
(1)
y (T ) exhibits periodically (with
period pi) maximum nonclassical effects, which occur in the course of the revival patterns
in the 〈σˆ(1)z (T )〉. The evolution of the E(2)y (T ) exhibits compound behavior, which occurs
periodically with period 2pi (see the dashed curve in Fig. 3(b)). More illustratively, E
(2)
y (T )
exhibits long-lived nonclassical effect at T ≃ pi/2, 3pi/2 and instantaneous nonclassical effect
at T = 2pi. Comparison between the curve B in the Fig. 3(a) and the dashed curve in
the Fig. 3(b) shows that E
(2)
y (T ) provides nonclassical effects in the course of both of the
9FIG. 5: The evolutions of the Ey(T ) for the TJCM (a) and the JCM (b) when (α, g, l) = (5, 0.5, 1).
The straight line in (b) is given to show the nonclassical effects bound.
collapse regions and revivals patterns of the 〈σˆ(2)z (T )〉. This behavior is more complicated
than that of the case l = 1. Related to the atomic variances it is obvious that the over
whole behaviors of the F
(1,2)
y (T ) are similar to those of the E
(1,2)
y (T ) (compare Fig. 3(b)
and Fig. 3(c)). Nevertheless, F
(1,2)
y (T ) exhibit only instantaneous nonclassical effects with
amounts smaller than those exhibited in the E
(1,2)
y (T ). From the discussion given above it is
evident that the evolutions of the E
(1,2)
y (T ) for the case l = 2 have peculiar behaviors. Thus
we give a closer look at this case. Starting with the fact that, e.g., for the first atom the
quantities 〈+|ρˆA1|+〉 and 〈−|ρˆA1 |−〉 carry information similar to that of the 〈σ(1)z (T )〉, but
in the non-negative interval [0, 1] [32].
Therefore, the behaviors of the E
(1,2)
y (T ) depend on the evolutions of the 〈σˆ(1,2)y (T )〉
and 〈σˆ(1,2)z (T )〉. Also, for the case l = 2 the 〈σˆ(1,2)z (T )〉 provide systematic behavior (see
Fig. 3(a)), i.e. for the 〈σˆ(1,2)z (T )〉 = 0 and ±1 the H(σ(1,2)z (T )) = ln2 and 0, respectively.
Thus we give the attention only to the evolution of the 〈σˆ(1,2)y (T )〉. In Fig. 4 we plot
these quantities for the same values of the interaction parameters as those in the Figs.
3. Comparison between Fig. 3(a) and Fig. 4 shows that in the course of the collapse
regions (revival patterns) of the atomic inversions the 〈σˆ(1,2)y (T )〉 exhibit two long-lived-peak
structure (instantaneous revivals). Furthermore, the amplitudes of the peaks in the 〈σˆ(1)y (T )〉
are smaller than those in the 〈σˆ(2)y (T )〉. This leads that the nonclassical effects occurred in
the E
(2)
y (T ) are greater than those in the E
(1)
y (T ). All this information is remarked in Fig.
3(b)–(c).
Now we discuss the symmetric case (g = 1). In this case the energy interchanged be-
tween the field and the atoms is equally distributed between the two atoms. Therefore, the
evolutions of the quantities related to the single atoms are typical. Furthermore, for strong
initial intensity the atomic inversion of this case has a typical behavior as that of the JCM
(see curves A Fig. 1(a) and Fig. 3(a)). In spite of this fact the evolutions of the Ey(T )
for the JCM and TJCM are completely different. This is obvious from Figs. 5 (for l = 1)
and Figs. 6 (for l = 2), which are given for the TJCM and the JCM, respectively. We did
not plot Fy(T ) for the TJCM since it yields similar behavior as that of the Ey(T ). For the
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FIG. 6: The evolution of the Ey(T ) for the TJCM (a) and the JCM (b) when (α, g, l) = (5, 0.5, 2).
TJCM, from Fig. 5(a) one can observe that the Ey(T ) exhibits nonclassical effects only after
switching on the interaction, however, from Fig. 6(a) the two-photon nature is dominant
in the Ey(T ) where the nonclassical effects occur periodically with a period pi. It is worth
mentioning that the behavior of the Fig. 6(a) is consistent with the occurrence of the revival
patterns in the corresponding atomic inversion (see Fig. 3(a)). The comparison between the
figures (a) and (b) in the Figs. 5 and 6 shows that the amounts of the nonclassical effects
occurring in the Ey(T ) of the JCM are much greater than those exhibited for the TJCM.
This reflects the role of including the second atom in the TJCM (compared to the JCM).
It seems that the lack of the nonclassical effects in the Ey(T ) of the TJCM is resulted from
the loss of energy through the entanglement between different components of the system.
Finally, the comparison between the evolutions of the Ey(T ) and the corresponding atomic
inversions shows that there is no clear relationship between the occurrence of the RCP in
the atomic inversions and the nonclassical effects in the entropy squeezing.
IV. CONCLUSION
In this paper we have studied the entropy squeezing for the two two-level atoms interacting
with the lth-photon single-mode field. The attention has been focused on the single-atom
entropy squeezing, atomic variances and atomic inversions. We have considered that the two
atoms and the field are initially prepared in the excited atomic states and the coherent state,
respectively. We have shown that the values of the transition parameter l, the ratio g and the
intensity α are important for occurrence nonclassical effects in the entropy squeezing. The
system cannot provide nonclassical effects for l > 2. The nonclassical effects obtained from
the asymmetric case are greater than those obtained from the symmetric case. Moreover,
the amounts of the nonclassical effects obtained for the JCM are greater than those obtained
for the symmetric case of the TJCM even though the behaviors of their atomic inversions
are typical. This shows the role of the inclusion of the second atom in the TJCM. Generally,
there is no clear relationship between the occurrence of the RCP in the atomic inversions
and the nonclassical effects in the entropy squeezing for the TJCM. Finally, the entropy
11
squeezing can give more information on the TJCM than the atomic variances.
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